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Synopsis 
 
This module contains notes, examples and exercises of material given as a 

course on Ordinary Differential Equations (ODEs) which is developed and revise 

based on Topic 3 DBM30033, Engineering Mathematics 3 and DBM30043, 

Electrical Engineering Mathematics Polytechnic Course Syllabus.  All the methods 

given in the book are explained with the help of solved examples. The book 

begins with a introduction of differential equations, defines basic terms and 

outlines the general solution of a differential equation. We really hope that this 

module is beneficial to assist students to understand the subject more. 
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Key to symbols in this book 
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1  
Ordinary Differential Equation 

 Sherlock Holmes: ‘Now the skillful workman is very careful indeed 

… He will have nothing but the tools which may help him in doing 

his work, but of these he has a large assortment, and all in the most 

perfect order.’ 

A. Conan Doyle 

By the end of this chapter you should be able to: 

❖ Familiarize with and classify the Differential Equation 

❖ Explain the form of the Differential Equation 

❖ Solve the First Order Differential Equation by using  method of: 

(a) Direct integration 

(b) Variable Separable 

(c) Substitution y=vx (Homogenous Equations) 

(d) Integrating Factor (for Linear Equations) 

❖ Solve the Second Order Differential Equation if the auxiliary equations have: 

(a) Real and Different Roots where b² > 4ac 

(b) Real and Equal Roots where b² = 4ac 

(c) Imaginary Roots where b² < 4ac 

❖ Solve Particular Solution of First and Second Order Differential Equation 
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1.0 INTRODUCTION             
 

●? An equation that contains a derivative (or derivatives) of an unknown function is called a 

differential equation. It is said to be an ordinary differential equation if all derivatives are 

with respect to a single independent variable, such as  

 
n

n

dx

yd

dx

yd

dx

dy
,...,,

2

2

 

The differential equation is said to be partial if there are derivatives with respect to two or 

more independent variables, such as 

....,,,
2

2

2

yx

u

x

u

x

u













 

 

1.1 FAMILIARIZE WITH AND CLASSIFY  
        DIFFERENTIAL EQUATIONS 
 
Basic Definition of the Differential Equation 

A Differential Equation is any equation which contains derivatives, either ordinary  

derivatives or partial derivatives.  

 

Order 

The order of a differential equation is the highest order of the derivative present in 

the differential equation.  

Example of first order  →  xy
dx

dy
638 =+  

Example of second order  →  xey
dx

dy

dx

yd 3

2

2

296 −=++               

 

                                                                                                                                   

! 

! 



3 | P a g e  
 

Degree 

The degree of a differential equation is the highest power of the highest derivatives which 

occurs in the Differential Equation                            

!  

Example of first order 
dx

dy  and first degree 
1










dx

dy
    →  xy

dx

dy
638 =+  

Example of second order 2

2

dx

yd
and third degree 

3

2

2










dx

yd
    →  xey

dx

dy

dx

yd 3

3

2

2

296 −=++







 

 

                                         State the dependent variable, independent variable, order, and degree  

                                         of the Differential Equation below: 
 

                                    (i)    
xe

dx

dy
y

dx

yd
=








+








sin

2

3

3

  

                                   (ii)    x
dx

dy
x

dx

yd
=








+

2

2

2

2    

                                   (iii)   ( )3ts
ds

dt
=  

. 
SOLUTION                          

 

                                                (i)    
xe

dx

dy
y

dx

yd
=








+








sin

2

3

3

 

 
                                 The dependent variable is y  and independent variable is x .  

                                 This DE has order 3 (the highest derivative appearing is the third derivative)  

                                and degree 2 (the power of the highest derivative is 2.)          

 

 

                                                                                                                         

EXAMPLE 1 

! 
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                                 (ii)    x
dx

dy
x

dx

yd
=








+

2

2

2

2  

 
                                 The dependent variable is y  and independent variable is x . 

                                 This DE has order 2 (the highest derivative appearing is the second derivative)  

                                 and degree 1 (the power of the highest derivative is 1.) 

 
                                  (iii)   ( )3ts

ds

dt
=  

                                 The dependent variable is t  and independent variable is s . 

                                 This DE has order 1 (the highest derivative appearing is the first derivative) 

                                  degree 1 (the power of the highest derivative is 1.) 

 

 

        1.2 FORM OF DIFFERENTIAL EQUATION 
 

             Differential Equation can occur when arbitrary constant are eliminated from the given 

             function. They follow the rule below: 

 

➢    1st order Differential Equation is derived from a function having 1 arbitrary constant. 

➢    2nd order Differential Equation is derived from a function having 2 arbitrary constants.  

 

             Therefore, an n-th order Differential Equation is derived from a function having ‘n’  

             arbitrary  constants. 
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                                         Form the differential equation, where A, B, C and D are arbitrary constants: 
 

                                   (i)    xAey 3=   

                                   (ii)    BxAxy 32 +=     

                             (iii)   xDxCy sincos +=       

 

                                               SOLUTION 
 
 
 

                    (i)         xAey 3= .................... (1) 

 
•      Differentiate the equation,          xAe

dx

dy 33=                .................... (2) 

•      Rearrange (2) so that,        
dx

dy
Ae x

3

13 =                .................... (3) 

•      Then substitute (3) into (1), 
        

dx

dy
y

3

1
=   

 
 
 
 
 
*Note: Function has 1 arbitrary constant, differentiate 1 time to eliminate the arbitrary constant  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                                                                                                                           

EXAMPLE 2 

1st order, 1st degree 
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 (ii)    BxAxy 32 += .................... (1) 

              

 
  
 
   *Note: Function has 2 arbitrary constant, differentiate 2 times to eliminate the 
arbitrary constant 

     

 

 

 

 

 

 

 

                                                                                                                   
 

 

•           Differentiate the equation (1), 

               

BAx
dx

dy
32 +=  

....            
 ...           .................... (2) 

•           And again differentiate (2), 
         A

dx

yd
2

2

2

=  ....           .................... (3) 

•           Rearrange (2) so that,        

Ax
dx

dy
B 23 −=  

....           .................... (4) 

•           Rearrange (3) so that, 
      

2

2

2

1

dx

yd
A =  ....           .................... (5) 

•          Then substitute (4) and (5) into (1),  

 

dx

dy
x

dx

ydx

dx

yd
x

dx

dy
x

dx

ydx

xx
dx

yd

dx

dy
x

dx

yd
y

+−=

−+=


















−+








=

2

22

2

2
2

2

22

2

2
2

2

2

2

2

2

1
2

2

1

 

2nd order, 1st degree 
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 (iii)      xDxCy sincos += .................... (1) 

 
 
 

 
 
 
 
 
 
*Note: Function has 2 arbitrary constant, differentiate 2 times to eliminate the arbitrary 
constant 
 
 
 
 
 
 
 
 
 
 
                                                                                                                         
 
 
 
 

                                                                                                                              

•         Differentiate the equation (1), 
   xDxC

dx

dy
cossin +−=  ................... (2) 

•         And again differentiate (2), 
  xDxC

dx

yd
sincos

2

2

−−=  ................... (3) 

•         Rearrange (3) so that,   

( )xDxC
dx

yd
sincos

2

2

+−=  

................... (4) 

• Then substitute (1) into (4), 
 ( )y
dx

yd
−=

2

2

  

       
2

2

dx

yd
y −=  

 

 

2nd order, 1st degree 



8 | P a g e  
 

                     

 

         Form a differential equation for each of the following functions:  

     a. 43 xxAy +=  d. ( )BxAy += 3cos  

     b. 974 −+= xxAy  e. 
x

B
xAy +=  

     c. xBxxAy +−= 2  f. xx eBeAy 33 6−=  

 

     

 

 

 

 

 

 

 

 

  

 

 

 

             

                                                                                                             

a. 43 xy
dx

dy
x +=  d. 

y
dx

yd
9

2

2

−=  

b. 
36214 +−= xy

dx

dy
x  e. 

𝑦 = 𝑥
𝑑𝑦

𝑑𝑥
+ 𝑥2

𝑑 2𝑦

𝑑𝑥2
 

c. 

dx

dy
x

dx

ydx
y +−=

2

22

2
 

f. 
y

dx

yd
9

2

2

=  

 

TEST YOURSELF 

CHECK YOUR 
ANSWER 
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            1.3    SOLUTION OF FIRST ORDER DIFFERENTIAL   

                     EQUATION 
 

 

        A solution of an ordinary differential equation is a function that satisfies differential   

                    equation, which makes the equation true (left-hand side equal to right-hand side) by  

                    manipulate the equation so as to eliminate all the derivatives and leave a relationship  

                    between y  and x .  

                    There are four methods to solve the differential equation 

 

    

 

 

              1.3.1  DIRECT INTEGRATION 
        If the equation can be arranged in the form of ( ) dxxfdy = , then the equation can   

                    be solved by simple integration, where  

  

 

 

                                                                           

 

 

Method 1

Direct Integration

Method 2

Variable Separable

Method 3

Substitution of y=vx

Method 4

Integration Factor

. ( )dxxfdy  =
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                                                    Solve the following differential equation: 

 
                        SOLUTION

 
                                                                                                     

                            (ii)      2𝑦′ = 𝑠𝑖𝑛5𝑥 

• Rearrange equation,                2
  𝑑𝑦

  𝑑𝑥
= 𝑠𝑖𝑛5𝑥 

𝑑𝑦 =
1

2
𝑠𝑖𝑛5𝑥. 𝑑𝑥 

• Integrate both sides, 
∫ 𝑑𝑦 = ∫

1

2
𝑠𝑖𝑛5𝑥. 𝑑𝑥 

 
 𝑦 = −

1

2

𝑐𝑜𝑠5𝑥

5
+ 𝑐 =  −

𝑐𝑜𝑠5𝑥

10
+ 𝑐  

 

  

(i) 
563 2 +−= xx

dx

dy  (iv) 
42

x

ex
dx

dy
−=  

(ii) 2𝑦′ = 𝑠𝑖𝑛5𝑥 (v) 
322 −+= xx

dx

dy
x  

(iii) 
05 =− x

dx

dy
 (vi) 02 =+ − xx eey  

 

EXAMPLE 3 

 

(i) 563 2 +−= xx
dx

dy
  

 

• Rearrange equation,    dxxxdy +−= 563 2  

• Integrate both sides, ( ) +−= dxxxdy 563 2
 

 
cxxxcx

xx
y ++−=++−=

++

535
2

6

3

3 23
1112
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            (iii)    05 =− x
dx

dy
 

 

 

 

 

 

 

 

 

 

 

 

            (iv)    42

x

ex
dx

dy
−=  

                                

                           Rearrange equation 
            𝑑𝑦   =    𝑥2 − 𝑒

𝑥

4 ⋅ 𝑑𝑥 

                           Integrate both sides,  
          ∫ 𝑑𝑦    =    ∫ (𝑥2 − 𝑒

𝑥

4) ⋅ 𝑑𝑥 

 

∴   𝑦   
𝑥2+1

3
−

𝑒
𝑥
4

1
4

+ 𝑐     =  
𝑥3

3
− 4𝑒

𝑥
4 + 𝑐 

 

 

 

 

 

 

           

•             Rearrange equation,                              
𝑑𝑦

𝑑𝑥
   =   5𝑥 

         𝑑𝑦   =   5𝑥 ⋅ 𝑑𝑥 

•              Integrate both sides,           ∫ 𝑑𝑦    =    ∫ 5𝑥 ⋅ 𝑑𝑥  

 
            ∴    𝑦   =   

5𝑥1+1

2
+ 𝑐 =  

5𝑥2

2
+ 𝑐 
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                (v)        322 −+= xx
dx

dy
x  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

                                      (vi)       02 =+ − xx eey  
 
 

•     Rearrange and simplify 

    equation,  

                        
𝑑𝑦

𝑑𝑥
𝑒−𝑥 + 𝑒2𝑥    =   0 

  𝑑𝑦   =   
−𝑒2𝑥

𝑒−𝑥
⋅ 𝑑𝑥 

=    −𝑒3𝑥 ⋅ 𝑑𝑥 

•     Integrate both sides,                 −= dxedy x3
 

 

      c
e

y
x

+
−

=
3

3

 

 Please click link below to refer example 3(i) video solution 
 https://www.youtube.com/watch?v=fWTr8IYJuaQ 

 

• Rearrange and simplify 

equation,  
                   𝑑𝑦   =   

𝑥2+2𝑥−3

𝑥
⋅ 𝑑𝑥 = 𝑥 + 2 −

3

𝑥
⋅ 𝑑𝑥 

• Integrate both sides, 
∫ 𝑑𝑦    =   ∫ (𝑥 + 2 −

3

𝑥
) ⋅ 𝑑𝑥 

 
∴    𝑦   =   

𝑥1+1

2
+

2𝑥0+1

1
− 3 𝑙𝑛|𝑥| + 𝑐 

=  
𝑥2

2
+ 2𝑥 − 3 𝑙𝑛|𝑥| + 𝑐 

Law of Exponent: 
( ) xxx ee 32 =−−  

https://www.youtube.com/watch?v=fWTr8IYJuaQ
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1.3.2 VARIABLE SEPARABLE  

If the given equation is in form 
( ) ( )ygxf

dx

dy
=

 or   

( )
( )yg

xf

dx

dy
=

,   and can 

be expressed and reduced as shown below, 

 

 

where variable x  appears on one side (right-side) and variable y  appears on the 

other side (left-side), such a differential equation is called a separable differential 

equation, where  

 

              

 

 
 

●?     How to separate the variables correctly?  You need to know the proper way to transit the          

variable expression correctly.  
 

 

 

                    

 

 
 

 

 

 

 

 

( ) ( )ygxf
dx

dy
=

( )
( ) dxxfdy

yg
=

1

( )
( )yg

xf

dx

dy
= ( ) ( ) dxxfdyyg =

..( )
( ) dxxfdy

yg
= 

1
( ) ( ) dxxfdyyg = or 
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    Solve the following differential equation 
1

2

+
=

y

x

dx

dy
. 

 
    SOLUTION 
 

• Separate the expression of x  and y ,           dxxdyy =+  2   1  

• Integrate both sides,     ( )  =+ dxxdyy 21  

        

cxy
y

c
x

y
y

+=+

+=+

2
2

22

2

2

2

2
 

 

                   

Solve the following differential equation ( )( )yx
dx

dy
++= 11

  SOLUTION 

 

• Separate the expression of x  and y , 

   dxxdy
y

+=
+

 1
1

1
 

• Integrate both sides, 
( ) +=

+
dxxdy

y
 1

1

1
 

c
x

xy ++=+
2

1ln
2

 

 
 

 
 
 
 
 
 
 
 
 
 
 
  

EXAMPLE 4 

EXAMPLE 5 

  



15 | P a g e  
 

 Solve the following differential equation yxy
dx

dy
−= . 

SOLUTION 

 

• Separate the expression of x  and y , 

   

( )

( ) dxxdy
y

xy
dx

dy

−=

−=

1
1

1

 

• Integrate both sides, 
( ) −= dxxdy

y
 1

1
 

cx
x

y +−=
2

ln
2

 

 Solve the following differential equation 
yex

dx

dy 232 −= . 

SOLUTION 

 

• Separate the expression of x  and y ,    dxxdye y = 32 2  

• Integrate both sides,  = dxxdye y 32 2  

    

c
xe

c
xe

y

y

+=

+=

22

4

2

2
42

42

 

 

 

EXAMPLE 7 

EXAMPLE 6 
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 Solve the following differential equation 
22

22

xyx

xyy

dx

dy

+

−
= . 

SOLUTION 

• Separate the expression of x  and y , 

        

( )
( )

dx
x

xdyy
y

dx
x

x

x
dy

yy

y

dx
x

x
dy

y

y

yx

xy

dx

dy

−=+

−=+


−

=
+

+

−
=

−− 11

11

11

1

1

22

2222

22

2

2

 

• Integrate both sides,  *  







−=








+ −− dx

x
xdyy

y

11 22  

  

cx
xy

y

cx
xy

y

+−
−

=−

+−
−

=
−

+
−−

ln
11

ln

ln
11

ln
11

 

 
 
 
 
 
 
 
 

 

 
 
                 Please click link below to refer example 4 &8 video solution 

                 https://www.youtube.com/watch?v=8P8i2A6GZ6Y 

 
 
 
 
 
 

EXAMPLE 8 

  *Note that,   = ydy
y

ln
1

  but if  2

2
ln

1
ydy

y
  

   Therefore  
−

=
−

=
+−

==
−+−

−

y

yy
dyydy

y

1

112

1 112
2

2
 

 

https://www.youtube.com/watch?v=8P8i2A6GZ6Y
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 Solve the following differential equation 
yxe

dx

dy 32 −= . 

 
SOLUTION 

 
 

• Separate the expression of x  and y , 

   

dxedye

e

e

dx

dy

xy

y

x

=

=

23

3

2

 

• Integrate both sides,  = dxedye xy 23
 

    c
ee xy

+=
23

23

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

EXAMPLE 9 
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1.3.3 SUBSTITUTION Y=VX  

For any ordinary differential equation of  
( ),, yxf

dx

dy
=

 if ( ) ( ),,, yxfyxf =  where  is the real 
number, the equation is called a homogeneous differential equation. This is determined by the fact that the 

total degree in x  and y  for each of the terms involved is the same.  

Example:  x

yx

dx

dy

2

3+
=

 

       

     Condition of the equation:  

(i) Total degree is 1 for x  term and y  term → Homogeneous DE 

(ii) The variables x  and y  cannot be separated → Doesn’t fit to solve using Variable 

Separable Method 

 

Therefore, the key to solve every homogeneous equation is to substitute,   

 

This converts the equation into a form which can be solved by separating the variables.  

 

●?        How to identify that problem could be solved by Variable Separable 

technique? 

  

 

 

 

 

 

and vxy =
dx

dv
xv

dx

dy
+=
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 Solve the following differential equation 
x

yx

dx

dy

2

3+
= . 

SOLUTION 

• Substitute vxy →   

and 
dx

dv
xv

dx

dy
+→  

      then simplify, 

       
( )
x

vxx

dx

dv
xv

2

3+
=+  

              

( )
( ) 2

1

2

1

2

2

23

2

3

v

x

vx

x

vxx

x

vxvxx

v
x

vxx

dx

dv
x

+
=

+
=

+
=

−+
=

−
+

=

 

 

• Separate the expression of  

x  (right-side) and  

v (left-side), 

 

     dx
x

dv
v

=
+

1

2

1

1

1
 

 

• Integrate both sides, 

cxv

dx
x

dv
v

+=+

=
+ 

ln
2

1
1ln

1

2

1

1

1

 

• Since vxy =   

therefore substitute 
x

y
v →  , 

     cx
x

y
+=+ ln

2

1
1ln  

 

 

 

EXAMPLE 10 
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Solve the following differential equation 
xy

yx

dx

dy 22 +
= . 

SOLUTION 

• Substitute vxy →   

and 
dx

dv
xv

dx

dy
+→   

      
( )
( )vxx

vxx

dx

dv
xv

22 +
=+  

then simplify,  

         
( )
( )

v

vx

x

vx

xvxvx

v
vx

xvx

dx

dv
x

1

1
2

2

2

22222

2

222

=

=

−+
=

−
+

=

 

• Separate the expression of x  

(right-side) and v (left-side), 
        dx

x
dvv =

1
 

 

• Integrate both sides, 

   

   

cx
v

dx
x

dvv

+=

= 

ln
2

1

2
 

• Since vxy =  

therefore substitute 
x

y
v →  , 

 

  

cx
x

y

cx
x

y

+=

+=








ln
2

ln
2

1

2

2

2

 

EXAMPLE 11 
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             Solve the following differential equation ( ) 22 yxy
dx

dy
xyx −=+ . 

 
SOLUTION 

 

• Rearrange equation,  
          

xyx

yxy

dx

dy

+

−
=

2

2

 

• Substitute vxy →   

 and 
dx

dv
xv

dx

dy
+→ , 

( ) ( )
( )vxxx

vxvxx

dx

dv
xv

+

−
=+

2

2

 

then simplify, 

 
( )
( )vx

vvx

vxx

xvvx

dx

dv
xv

+

−
=

+

−
=+

12

22

22

222

 

        

v

v

v

vvvv

v
v

vv

dx

dv
x

+

−
=

+

−−−
=

−
+

−
=

1

2

1

1

2

22

2

 

 

• Separate the expression of x   

(right-side) and v (left-side), 

                

                 dx
x

dv
v

v
−=

+ 1
2

1
2

 

• Integrate both sides, 

cxv
v

dx
x

dv
v

v

dx
x

dv
v

v

v

+−=+
−

−=







+

−=







+





−

ln2ln
1

1
2

1

1
2

1

2

22

 

EXAMPLE 12 
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• Since vxy =  

therefore substitute 
x

y
v →  , 

       

cx
x

y

y

x

cx
x

y

x

y

+−=+
−

+−=+










−

ln2ln

ln2ln
1

 

 

 
 

1.3.4 INTEGRATING FACTOR 

The differential equation of the form 
QPy

dx

dy
=+

 is called linear equation of the first order, where P  

and Q  are constants or functions of x . Any such equation can be solved by multiplying both sides by an 

integrating factors (IF). These are steps in solving first order differential equation by using Integrating 

Factor. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ST
EP

 1 Write the given 

equation in the 

form of :

ST
EP

 2 Find the Integrating

Factor (IF) by using : ST
EP

 3 Solve equation

given by using 

formula :

QPy
dx

dy
=+ =

dxP

eFI. dxIFQIFy  =
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Solve the following differential equation 
xey

dx

dy 25 =+  

SOLUTION 
 

• Form QPy
dx

dy
=+ , 

• Then identify P  and Q , 

 
xey

dx

dy 25 =+  

 
xeQP 2,5 ==  

 
 

• Find IF by substitute P ,  
 

     =
dxxP

eFI
)(

. xdx

ee 55

==


 

• Solve using formula,  

by substitute Q  and IF , 

 dxIFQIFy =  .  

dxeeey xxx = 
525 .  

              dxe x

= 7
 

c
e

ey
x

x +=
7

7
5

 

    
xx

x

e

c

e

e
y

55

7

7
+=      

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

EXAMPLE 13 
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Solve the following differential equation 
3xy

dx

dy
x =+  

SOLUTION 
 

• Form QPy
dx

dy
=+ , 

 

 

• Then identify P  and Q , 

 
x

x

x

y

dx

dy

x

x 3

=+  

     
2x

x

y

dx

dy
=+  

 
2,

1
xQ

x
P ==  

 

• Find IF by substitute P ,  

 

=
dxxP

eFI
)(

. xee
x

dx
x ==


=


ln
1

 

 One of the Rule of exponent, 𝑒ln 𝑎 = 𝑎 

• Solve using formula  

by substitute Q  and IF ,   

dxIFQIFy =  .  

   dxxxxy  =  2
 

       dxxxy =  3
 

       c
x

xy +=
4

4

 

      
x

c

x

x
y +=

4

4

 

 
 
 
 
 
 
 
 

EXAMPLE 14 
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Solve the following differential equation ( ) ( )322 −=−− xy
dx

dy
x  

 
SOLUTION 

 

• Form QPy
dx

dy
=+ , 

 

 

• Then identify P  and Q , 

 
( )
( ) ( )

( )
( )2

2

22

2
3

−

−
=

−
−

−

−

x

x

x

y

dx

dy

x

x
 

                
( )

( )2
2

2
−=

−
− x

x

y

dx

dy
 

( )2
2,

2

1
−=

−

−
= xQ

x
P  

 

• Find IF by substitute P ,  

 

=
dxxP

eFI
)(

.
2ln2

1
−−


−

−

=


=
x

dx
x ee       

                                               ( )

2

1

2
1

2ln
1

−
=

−=

=

−

−
−

x

x

e
x

 

• Solve using formula,  

by substitute Q  and IF ,  

 

       dxIFQIFy =  .  

   ( ) dx
x

x
x

y  
−

−=
−

  
2

1
2

2

1 2
 

   ( ) dxx
x

y  −=
−

  2
2

1
       

        cx
x

x

y
+−=

−
2

22

2

 

 
 
 
 
 
 

EXAMPLE 15 
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Solve the following differential equation xy
dx

dy
=− . 

SOLUTION 
 

• Form QPy
dx

dy
=+  

• Then identify P  and Q , 

 xy
dx

dy
=−  

 xQP =−= ,1  

 

• Find IF by substitute P ,  
 

     =
dxxP

eFI
)(

.

xdx

ee −−

==
1

 

• Solve using formula,  

• by substitute Q  and IF , 

 dxIFQIFy =  .  

dxexey xx = 
−−

 

 

 

 

 

By using Integration By Parts Method  

(for LHS equation), 

duvuvey x

−= −
 

 
 
 
 
 
 
 
 
 

EXAMPLE 16 

Integration of products  
(Between polynomial and exponent) 

x
x

xx e
e

dxevdxedv

dxdu
dx

du
xu

−
−

−− −=
−

===

===

 1

1
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 Therefore, 

( )( ) ( )( )
−−− −−−= dxeexey xxx

      

              c
e

xe
x

x +
−

+−=
−

−

1
  

              cexe xx +−−= −−

xx

x

x

x

e

c

e

e

e

xe
y

−−

−

−

−

+−
−

=    

     
xe

c
xy

−
+−−= 1     
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1 Solve the following ordinary differential equation. 

●? What is the suitable method for the following Ordinary Differential Problems? How to identify the suitable 

method? 

   

 

a. 

cx
y

+=− 42
1

 

g. 

( ) cx
x

yy ++−=− ln
1

ln  

b. 

cx
x

y
+= ln

2 2

2

 

h. Cxy +−= 2cos2  

c. −𝑙𝑛(1 − 2𝑦)

2
=

𝑥2

2
+ 𝑐 

i. 

cx
x

y
+=














+








− ln1ln

2

 

d. 

cxyy +=− lnln
4

3

4

1
 

j. Cxxyy +−=− ln6332 223
 

e. 

C
e

y
x

+=
4

2

 

k. 

( ) cx
x

yy ++−=− ln
1

ln  

 
cx

y
+=− 31

 
l. 

C
x

y +=
4

3

 

i. 
238 yx

dx

dy
=  

g. 

( ) ( )yx
dx

dy
yx +=− 112

 

ii. 

y

x

x

y

dx

dy
+=  

h. 

xxy
dx

dy
2sintan =+  

c. 

xxy
dx

dy
=+ 2  

i. 
222 xy

dx

dy
xy −=  

d. 

3

4

−
=

y

y

dx

dy
x  

j. ( )
( )1

12

−

−
=

y

x

dx

dy
xy  

e. 
xey

dx

dy 22 =+   

k. 

( ) ( )yx
dx

dy
yx +=− 112

 

f. 
223 yx

dx

dy
=  

l. 
3xy

dx

dy
x =+  

 

TEST YOURSELF 

CHECK YOUR 
ANSWER 
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  1.4 SECOND ORDER OF DIFFERENTIAL EQUATIONS 
 

The general form of second order differential equation with constant is   

  0
2

2

=++ yc
dx

dy
b

dx

yd
a  and the Auxiliary Equation is          

       

 

02 =++ cmbma  

where a , b  and c  are constants with 0a   and  1,,
2

2
2 === y

dx

dy
m

dx

yd
m  

1.4.1 SOLVE GENERAL SOLUTION OF 2ND ODE 

Solve the Second Order Differential Equation have:  

(a) Real and Different Roots where b² > 4ac 

(b) Real and Equal Roots where b² = 4ac 

(c) Imaginary Roots where b² < 4ac 

Nature of Roots Condition General Solution Roots 

Real and Different Roots  042 − acb  
xmxm

BeAey 21 +=  
1mm =

 

2mm =  

Real and Equal Roots  042 =− acb  ( )BxAey xm +=  21 mmm ==  

Complex Roots ●? 042 − acb  ( )xBxAey x  sincos +=   jm =  
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Finding Root(s) 

 

 

 
 

●? What type of roots will use factorization or quadratic formula methods? 
 

 

These are steps in solving second order differential equation 

 
 
 

 

  Please click link below to refer introduction second order of differential equation 

https://youtu.be/Ahl0pI9aJuU 
 

 
  

FINDING 
ROOT(S)

Factorization

Quadratic Formula

Calculator

(Mode : EQN)

ST
EP

 1 Form

Auxiliary

Equation

ST
EP

 2 Identify the

nature and 

the condition

of the roots

ST
EP

 3 Find 
roots 
(m)

ST
EP

 4 Choose the

general

solution

(substitute m)
ST

EP
 5 Apply 

the initial 

condition if

applicable

( )( ) 0= mm

a

acbb
m

2

42 −−
=

https://youtu.be/Ahl0pI9aJuU
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Determine the general solution for 065
2

2

=++ y
dx

dy

dx

yd
 

SOLUTION 
 

• Form Auxiliary Equation, 

 

• Nature and condition, 

 

0652 =++ mm  

 

Real and Different Roots, 

( ) ( )( ) 0161454
22 =−=− acb  

 

• Find the root(s), By using factorization, 

( )( ) 023 =++ mm  

2,3 21 −=−= mm  

  

• General Solution, 

(substitute m1 and m2) 

 

xmxm
BeAey 21 +=  

xx BeAey 23 −− +=  

or, 

        
xx BeAey 32 −− +=   

        (for 21 −=m  and 32 −=m ) 

 
 

 
 

Please click link below to refer example 17 video solution  
https://youtu.be/zfVTgvzzsQ0 
 
 
 
 

EXAMPLE 17 

https://youtu.be/zfVTgvzzsQ0
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Determine the general solution for 096 =++ yyy  

 

 SOLUTION 
 

• Form Auxiliary Equation, 

 

• Nature and condition, 

 

0962 =++ mm  

 

Real and Equal Roots, 

( ) ( )( ) 091464
22 =−=− acb  

• Find the root(s), By using factorization, 

( )( ) 033 =++ mm  

321 −=== mmm  

 
 

• General Solution, 

        (substitute m) 

( )BxAey xm +=  

( )BxAey x += −3
 

 

 

Please click link below to refer example 18 video solution 
https://youtu.be/GXp4zvDrGHM 

 
 
 
 
 
 
 
 
 
 
 

 
 

EXAMPLE 18 

https://youtu.be/GXp4zvDrGHM


33 | P a g e  
 

 

Determine the general solution for 02
2

2

=++ y
dx

dy

dx

yd

SOLUTION 

• Form Auxiliary 

Equation, 

 

• Nature and condition, 

012 2 =++mm  

 

Complex Roots, 

( ) ( )( ) 0712414
22 −=−=− acb  

• Find the root(s), 
 

(cannot be factorized) ●?  

By using Quadratic Formula, 

a

acbb
m

2

42 −−
=  

      
( ) ( )( )
( )22

12411
2
−−

=  

      
4

71 −−
=  

      
4

171 −−
=  

      i
4

7

4

1


−
=  

      i661.025.0 −=  

66.0,25.0 =−=   

  

• General Solution, 

(substitute  and  ) 

( )xBxAey x  sincos +=  

( )xBxAey x 66.0sin66.0cos25.0 += −
 

 

Please click link below to refer example 19 video solution 

https://youtu.be/0IhawDpu6RI 
 
 
 
 
 

EXAMPLE 19 

 

 

https://youtu.be/0IhawDpu6RI
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 Solve the following differential equations: 

a. 
04110

2

2

=+− y
dx

dy

dx

yd
 

g. 
02510

2

2

=++ y
dx

dy

dx

yd
 

b. 044 =−− yyy  h. 
044

2

2

=++ y
dx

dy

dx

yd
 

c. 
032

2

2

=−+ y
dx

dy

dx

yd
 

i. 
082

2

2

=−− y
dx

dy

dx

yd
 

d. 
0232

2

2

=−− y
dx

dy

dx

yd
 

j. 0342 =++ yyy  

e. 
065

2

2

=++ y
dx

dy

dx

yd
  

k. 
094

2

2

=++ y
dx

dy

dx

yd
 

f. 
065

2

2

=+− y
dx

dy

dx

yd
 

l. 
0102

2

2

=+− y
dx

dy

dx

yd
 

 

 

 

 

a. ( )xBxAey x 4sin4cos5 +=  g. ( )BxAey x += −5
 

b. xx BeAey 828.0828.4 −+=  h. ( )BxAey x += −2
 

c. xx BeAey 3−+=  i. xx BeAey 24 −+=  

d. xx BeAey 25.0 += −
 j. ( )xBxAey x 707.0sin707.0cos += −

 

e. xx BeAey 32 −− +=  k. ( )xBxAey x 5sin5cos2 += −
 

f. xx BeAey 23 +=  l. ( )xBxAey x 3sin3cos +=  

 

 

 

 

TEST YOURSELF 

CHECK YOUR 
ANSWER 
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1.4.2 SOLVE PARTICULAR SOLUTION OF 2ND ODE 

 
 Obtain the specific solution for the following differential equation: 

𝑑2𝑦

𝑑𝑥2 + 3
𝑑𝑦

𝑑𝑥
− 4𝑦 = 0, given that when 𝑥 = 0, 𝑦 = 1 and 

𝑑𝑦

𝑑𝑥
= 0. 

 

SOLUTION 

• Form Auxiliary Equation, 

 

• Nature and condition, 

 

𝑚2 + 3𝑚 − 4 = 0 

 

Real and Different Roots, 𝑏2 − 4𝑎𝑐 = 32 − 4(1)(−4) = 25 

• Find the root(s), By using factorization,  (𝑚 + 4)(𝑚 − 1) = 0, 𝑚 = −4,1 

  

• General Solution (substitute 

m), 

 

𝑦 = 𝐴𝑒−4𝑥 + 𝐵𝑒𝑥    

When 𝑥 = 0, 𝑦 = 1, 

1 = 𝐴 + 𝐵 … … … … … . . (1) 

When 𝑥 = 0,
𝑑𝑦

𝑑𝑥
= 0 

𝑑𝑦

𝑑𝑥
= −4𝐴𝑒−4𝑥 + 𝐵𝑒𝑥 

0 = −4𝐴 + 𝐵 

4A=B 

Substitute B=4A in (1), 

1 = 𝐴 + 4𝐴 

1 = 5𝐴 

𝐴 =
1

5
 

𝐵 = 4(
1

5
) 

𝐵 =
4

5
 

𝑦 =
1

5
𝑒−4𝑥 +

4

5
𝑒𝑥    

 
   

 

EXAMPLE 20 
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Solve the following equation in which s is the displacement of an object at time t, 

044
2

2

=+− s
dt

ds

dt

sd
. Given that 1=s , 3=

dt

ds
 when 0=t  

 

SOLUTION 

• Form Auxiliary Equation, 

 

• Nature and condition, 

 

0442 =+− mm  

 

Real and Equal Roots, ( ) ( )( ) 041444
22 =−−=− acb  

• Find the root(s), By using factorization,  ( )( ) 2022 ==−− mmm  

  

• General Solution (substitute m), 

 

 

( )BxAey xm +=  

( )BxAey x += 2

   ( )BtAes t += 2

●? 

• Condition ( ) 10 =s  When 0=t , 

( ) ( )( )
( ) 111

002

==

+=

AA

BAes
 

• Condition ( ) 30 =
dt

ds
 

 

Differentiate s  using product rule, ●? 

( )BtAeBeuvvu
dt

ds

BvBtAvandeueu

tt

tt

++=+=

=+===

22

22

2

2

When 0=t , and 1=A , 

( )

( ) ( ) ( )( )

123

0123

2

0202

22

=+=

++=

++=

BB

BeBe

BtAeBe
dt

ds tt

 

• Particular Solution, 
 

Substitute 1=A  and 1=B  into s  

( )BtAes t += 2
      ( )tes t += 12

 

EXAMPLE 21 
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 Obtain the specific solution for the following differential equations 

a. 𝑑2𝑦

𝑑𝑥2 − 3
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 0, given that 𝑥 = 0, 𝑦 =

7

2
 and 

𝑑𝑦

𝑑𝑥
= 9 

b. 
043

2

2

=−+ y
dx

dy

dx

yd
, given that 1=y , 0=

dx

dy
 when 0=x  

c. 

 
 
 
 
 

023
2

2

=+− y
dx

dy

dx

yd
, given that 

2

7
=y , 9=

dx

dy
 when 0=x  

 

 

 

a. 
𝑦 =

11

2
𝑒2𝑥 − 2𝑒𝑥 

b. 
xx eey

5

4

5

1 4 += −  

c. 
xx eey 2

2

11 2 −=  

 

   

    

    

    

    

    

 
  

 

 

   
 

TEST YOURSELF 

CHECK YOUR 
ANSWER 


