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Science and Computer Department of Politeknik Sultan Salahuddin
Abdul Aziz Shah. This eBook has been primarily written for polytechnic
students who took engineering mathematics course in third semester.
This eBook is very useful especially for electrical engineering students
as their reference in other electrical courses for whom Laplace
Transform continue to be very useful tool.

The book demands linear algebra and elementary knowledge of
calculus which had been learned by polytechnics student in first and
second semester. The content of this eBook is based on the syllabus
prepared by Department of Polytechnic and Community College
Education, Ministry of higher Education, Malaysia.

The eBook contains three main subtopics, apply definition of Laplace
Transform, apply Laplace Transform and apply Inverse Laplace
Transform. Each subtopic contains explanation in text and link of videos.
Examples, solution, and exercises are also provided for better
understanding during the revision.
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1.1 Laplace Transform
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What is Laplace Transform?

The method of Laplace Transforms is a system that relies on
algebra (rather than calculus based methods) to solve linear
differential equations. It is a very powerful tool that enables us to
readily deal with linear differential equations with discontinuous
forcing functions.

Laplace transform is named in honour of the great French mathematician, Pierre

Simon De Laplace (1743-1827)




Laplace Transform

The transform method is used
to solve problems, which are
difficult to solve directly.

Therefore the Laplace method
will transform the equation in
order to solve it.

Generally, Laplace transform
is a method used to solve
ODE. (Ordinary Differential
Equations)

» The Laplace transform provides a

useful method of solving certain
types of differential equations when
certain initial conditions are given,
especially when the initial values are
zero

The Laplace transform is also very
useful in the area of circuit analysis.
It is often easier to analyse the
circuit in its Laplace form.

= The techniques of Laplace transform

are not only used in circuit analysis,
but also in the following areas:

1. Proportional-Integral-Derivative
(PID) controllers

2. DC motor speed control systems

DC motor position control systems

4. Second order systems of differential

w



Laplace Transform

How To Do Laplace Transform

= Firstly, the equation of time domain shape
differential is changed to an algebraic equation of a
frequency domain shape by taking Laplace
transform of the equation. What we will learn in this
section is to transform into algebraic equations.

From

Differential Equation of |\pyT f(t)

f®
4

TRANSFORM__

2

Algebraic Equations

F(s) OUTPUT F(s)

= Secondly, After solving the algebra equation
in the frequency domain, determine the
Laplace transform of the unknown variable.

= Finally, convert this expression into time
domain by taking inverse Laplace transform.
We will learn this in the later sub-topic of
Laplace transform,



What s the Definition of Laplace Transform?

To solve the Laplace transform
by definition means to solve a
Laplace transform in the form
of L{f (t)} using the definition
of the Laplace transform,
where {F(s)} is the Laplace
transform of the function f(t),
s is a constant, and f(t) is the
given function.

Therefore we need to apply
the definition of the Laplace
transform in order to transform
any differential equation.

Generally, Laplace transform
is a method used to solve
ODE. (Ordinary Differential
Equations)

The Laplace transform of F =
E‘(n) nf 2 fiinetinn £ — £(+) ic Haflnad
1 D Vil AL 1Tulivuauvli j j \b} 1O uUviliic
by:
(0/e]
L@} = [ e fo de
0

The integral is evaluated with respect
to t, hence once the limits are
substituted, what is left are in terms of
S.

L@} = [ e r de
0
Laplace ™ Equalto  Definition of
transform Laplace
of f (t) transform

Definition of Laglace Transform

Lif(®)} =

e St f(¢t) dt




How To Galculate Laplace Transform By Definition?

* To calculate Laplace
Transform is applying the

definition of Laplace transform SRR EennEanstibstitute

f (t) given in the question into

L{f(t)} = f0°°e—st £(t) dt the formula.
*  Substitute f(t) which is stated _ * —st
in the question into the L@} = J(-) e™ f() dt
formula of Laplace transform
definition. ~ L{f(®)} = F(s)

* Integrate respectively

* The result is an algebraic
equation, which is in simpler
form and much easier to solve

Integration
Formulas

Formula:

i+
1. [x"dx = -+ C;TRUEwhenn# —1

Jaf(x)dx = a [ f(x)dx

fa; dx = ax+C; where a is constant

JIf(x) + ()] dx = [ f(x)dx + [ g(x)dx

GoR W

du

dx

eu
fe”dx=—+C



Laplace Transform

Example 1

Calculate the Laplace Transform of f(t) = e’ using the

definition of the Laplace Transform.

Solution:

L{e™} = F (s) = f e=st et
0

r=iche
T a—s =D
-1

a—s




Laplace Transform

Example 2

Calculate the Laplace Transform of f(t) = a using the definition of
the Laplace Transform.

[where a = constant]

Solution:

(oe]

L{a} =F (s) = j e Stadt

0

(0)e]

= aj e St dt
0
e—St co

- [—S ]0

—a 1]°°
st
S e 0

_—all 1]
s le® g0

=—(0-1)

vl




Laplace Transform

Example 3

Calculate the Laplace Transform of f(t) = m + 7e*tusing the

definition of the Laplace Transform.

Solution:

= J e St (m + 7e*t)dt
0

=f (me~5t+7e%5t) dt
0

—m[ —st 7[ ot(a- s)]

— Moo _ L0y 7 (,
—S(e e)+4_s(e

=2O-1)+,(0-1)

_m_ 7
s 4-s
_m+ 7
s s—4

e?)




Laplace Transform

Question:

Calculate the Laplace Transform of f(t) using the Definition of
the Laplace Transform:

a) f(t) =p
b) f(t) = 9
o) f(t) =e™

d) f(t) = 7e*t

SUGGEESSILS AT GOUIRIN Eaa
NOT A DESTINATION o o :

Check Your Answers.

a)F(s)=2 b)F(s) =_T9

S

¢) F(s) = fn d) F(s) = S_L4




1.2 Apply Laplace Transform
T




Laplace Transform

Solving Laplace transform by using Laplace transform tahle

It is important to understand the use of table and the formula together.
Each expression is derived by finding the infinite integral that we saw in the
definition of Laplace Transform section before

Another method that can be used in solving Laplace Transform is by using

Laplace Transform table

LAPLACE TRANSFORM TABLE

No. f® F(s) No. f(@® F(s)
a W
1. — 13. ~at sin wt —_—
a . e *sinw CEV
2. at — 14, e~ cos wt __sta
s? (s +a)? + w?
3. t" ! 15. sinh wt Y
gn+1l §%2 — w?
4, ey 1 16. cosh wt _5
s—a P — P
_ 1 . w
5. e o o 17. eat Slrlh wt (s_a)—z_a)z
6. te~t O 18. e~ sinh wt Y
(s + a)? (s + a)? — w?
n, ,at |
7. th-e™ o 19. e~ % cosh wt __Ssta
n=123.. (s — a)n+1 (s + a)? — w?
dTl
& | SO | i@ | B | AO+AO Fy(s) + Fy(s)
. w t F(s)
9. sin wt —_— 21. 4
s2 + w? _L e s
10. cos wt % 22. ft—a)u(t—a) e ®F(s)
S+ w
2ws First derivative:
11. tsinwt e — 23. sY(s) —y(0
© 7+ D) Yy ©)=©
dt
Second derivative
2 _ 2 2 _
12. t cos wt i G 2. Py S Y,(SO) 27
(s? + w?)? W.y”(t) ~y'(0)

10



Example 1

Use table to find the Laplace transform to the function L E]
Solution : L[g] 0)

1
Since 3 is equal to a (constant arbitrary)

1
f@®) = 3 Refer Laplace Transform Table
1

11 /3
clz| =43

[3] . f@® F(s)

17 1 .
Jel= a s

v

Example 2

Use table to find the Laplace transform to the function L[ cos 2t]

Solution :  L[cos2t] = L{f (1)} Refer Laplace Transform Table

W=z f@ F(s)
S
= iy cos ot d
s? + w?
Therefore,
s

F(s) = L[cos 2t] =

T

11



Example 3

Use table to find the Laplace transform to the function L[t 3]

Solution :  L[t*] = L[f(D)]

n=3

3!
F(s) = £I#] = o
Therefore,

6
F(S) = L[ts] = S_4

v

Example 4

Refer Laplace Transform Table

f® F(s)
n n!
t Sn+1

Use table to find the Laplace transform to the function £[3 cosh 2t]

Solution :  L[3cosh2t] = L{f ()}
w=2
F(s) = L[3 cosh 2t]
L[3 cosh 2t] = 3£L[cosh 2t]

Therefore,

F(s) = 3L[cosh 2t] = 752

3

s
s?2—4 ,

F(s) =

f(®)

F(s)

cosh wt

S

Refer Laplace Transform Table

12



Theorem 1.2 (Linear Properties)

The Laplace Transform has many interesting and useful properties,
the most fundamental of which is linearity

If £,(t) and £, (t) are two functions whose Laplace Transform exist,
then

L{af(t) + bf,(t)} = aL{f,(&)} + bL{f1(t)}

Where a and b are arbitrary constant

Proof of Linearity properties:

Llafi(O) + bf2(0)) = j (afy +bfs) et dt
0

=.f (af1e7°" + bf,e™") dt
0

(e}

= af af,est dt+bj af,e St dt
0 0

= aL{f1(0}+bLif1()) &

Linearity Properties

L{iaf1(t) + bf,()} = aL{f,()} + bL{f1(t)}

13


https://youtu.be/XjiaDUKBFQg
https://youtu.be/XjiaDUKBFQg

Example 1

Find the Laplace Transform of f(t) = 3e?% + 4 sin 5t

Solution :

2t . Refer Laplace Transform Table
L{3e*" + 4sin 5t}

_ f@® F(s)
= L {3e?'} + L {4sin 5t}
1
= 3L {e?} + 4L {sin 5t} | —
=555 52 1 52 sin 5t | sin wt T2
3 20

Example 2

Find the Laplace Transform of f (t) = sint cost — 4

Solution :

L{sint cost — 4} From Identity Trigonometry:

= L {sintcost} — L {4} sin2x = 2 sinx cos x

v

=L |

+ L {4}

rsin Zt}
2

= %L {sin 2t} + L {4}

=<§

=52+16

e
s2+16 s

2 4

v

sin 2x

> = sinx cosx

Refer Laplace Transform Table

f(® F(s)
a
4 a —
S
: : w
sin 2t| sin wt
s2 + w?

14



Example 3

Find the Laplace Transform of f (t) = cos 4t + sin 7t

Solution :
Refer Laplace Transform Table
L{cos 4t + sin 7t}
f@® F(s)
= L {cos4t} + L {sin 7t}
cos4t | coswt >
= = + 7 52 + (,()2
s2+42 52472
_ S N 7 sin7t | sin wt %
52416 sz+49/ > T
Example 4

Find the Laplace Transform of £ (t) = t3 — 4t2? + 3t°

Solution :

Refer Laplace Transform Table
L{t3 — 4t? + 3t°} :

= L{t3} — L {4t*} + L {3t} f@® F(s)
3! 2! 5! ¢n n!
-5 1{5)+3(5)

6 8 120
st g3 i 56



Theorem 1.3 (First Shift Theorem)

First Shift Theorem is the substitution (s — a) for s in the transform
corresponds to the multiplication of the original function to et
If L{f(t)} = F(s) and a is constant, then

L{ef()} =F(s —a)
If L{f(t)} = F(s) and a is constant, then

Lie f(t)} = F(s + a)
If F(s — a) and F(s + a) can be derived by substituting s with
(s—a)and (s + a)

First Shifting Properties

L{e®f(t)} = F(s — a) wheres - (s — a)
L{e " f(t)} = F(s + a) wheres - (s + a)

Proof of First Shifting properties:
Llef®) = [ etetfo) de
0
= j e=Stat. £(1) dt
0

= jooe‘(s‘“)t . f(¢) dt
0

=f e—Pt.f(t) dt% Wherep =s—a
0

= F(p)
=F(s—a)

16



Laplace Transform

Example 1

Find the Laplace Transform of f(t) = %eZt .ttt

Solution :

4
£ize 4]

Consider f(t) = gt“

4 4l _ 4\ 24 Refer Laplace
L §t i § 5_5 Transform Table for t™
32
— 55
4 32
e 3E ot el
..L{Be t } (s —2)5 p2t. q =

/ ns->(s—2)

Example 2

Find the Laplace Transform of f (t) = e ™3t - cosh 2t

Solution : =3 @ &
L{e 3t - cosh 2t} L

Consider f(t) = cosh 2t

Refer Laplace
Transform Table for

L {cosh 2t} =

§2 — 22 cosh wt
N S
- s2—4
S =3t. , — _
o L{e 3t. h2t) = e a=
& R (s+3)2—-4 ~s—>(s+3)

17



Laplace Transform

Multiplication with ¢

Multiplication with t™ theorem

dn
L{Ef O} = (D" — £{f(©) .

\

n

d
= (1" WF(S) wheren=1,2,3 ....

Proof of multiplication with ¢"

From definition:  L{f(t)} = F(s) = f Ooe‘“ f(o) dt
0

Differentiate both side with respect to s

d d
— L{f(©)} = — F(5)

d

d [® _
d—SF(s)zd—SJ0 e St f(t) dt

From Leibniz rule of differentiation under integral sign

= [ et a .
.~ 'O - [ e rrna
0
ds = il = —j te StF(t) dt
dF 0
L{tf(t)} = —— i —F'(s) = —L{tf (D)}

18



Laplace Transform

Example 1

By using suitable formula, find L{t cos 3t}

Solution :
Refer Laplace
L{t cos3t},n=1 Transform Table for
cos wt
Licos 3t} =
t ) s% 4+ 32
d S
L{t cos3t} = (-1 1—[ ]
t J=0GD ds Ls? + 32
 [G2P+9)@) —s2s)]
| (s2 4+ 9)2
52 — 25249
— (SZ + 9)2 Differentiate using
= guotient rule and
i _Sz +9 simplify the equation
o (52 + 9)2]
s?—9

:(52+9)2/ )

19



Example 2

By using suitable formula, find £{t? sin 2t}

Solution :
2 _ N Refer Laplace
L{t* sin2t},n=2,0 =2 Transform Table for
7 sin wt
L{sin 2t} =

s2+22 s2+44
2 Differentiate using

2 ] quotient rule and
T4

simplify the equation

_ d
L{t? sin 2t} = (—1)? o lsz

_a (s +4)(0) — 2(25)] o
ds | (s? + 4)?
d[ —4s
ds ml
(s? +4)%(—4) — (—4s)2(s*> + 4)(2s)
(s?2 + 4)4
" (s? + 4)(—4) + 1652 >
=—(s +4)[ GZ1 7 ]
B l(s2 +4)(—4) + 1652]
(s?2 +4)3
_ 4(4-3s%)

~ (s2+4)3 J ,@é\ y
L\

20



Laplace Transform

Exercises

By using suitable formula, find the Laplace Transform for the following function

1. f@=-t3+5t-1 Answer

2. f(@) =(t—2)* Answer
o3t

3. f(t) = - 6t Answer

4. f(t)=—-6t—3e% Answer

5. f(t) = 2sin3t — cos4t Answer

Question 6 - 9 (Use first shift theorem)

6. f(t)=e 3t sin5t Answer
7. f(t) =e 3t sin5t + tsin4t + 5 Answer
8 f(t)=e* sin% — e~ 6 Answer
9 f(t) =e % cosh3t Answer
10. f(t) = 2e3tsin5t Answer
11. f(t) =tcosh2t Answer
12. f(t) = 3t?sint Answer

Paul Halmos

21


https://drive.google.com/file/d/1_GCC-Sgg3LpjpI1ojsGLwdbyzZp1Ec5c/view?usp=sharing
https://drive.google.com/file/d/1t52qKb5IC6MrKlmi9GHL9Ej4uKRt3jMQ/view?usp=sharing
https://drive.google.com/file/d/1UZTJylTqUoEub96zh8MWaPRxhqybydN1/view?usp=sharing
https://drive.google.com/file/d/16cK5IH4gMccrO426HC3ihsNsoO9vU_LP/view?usp=sharing
https://drive.google.com/file/d/1w8MG3rXP2Yvv7i8UICpkCt5zMnrfVqxO/view?usp=sharing
https://drive.google.com/file/d/1Zhlv-tgWNIoMVByoaJsG2ktmgUZ58c2l/view?usp=sharing
https://drive.google.com/file/d/1p41PTWwDsTbz3OCurZ1z-CQICz9GzGrw/view?usp=sharing
https://drive.google.com/file/d/1uuvRfLLq4tpKTHVqiEna2KrKQig3rlI3/view?usp=sharing
https://drive.google.com/file/d/1u1ShzWKMZ64GuBjt19HMBfFCCxhxkWYS/view?usp=sharing
https://drive.google.com/file/d/1ZOaTWxO01NlY2eP82Y3Bawy0lD_TJUST/view?usp=sharing
https://drive.google.com/file/d/1nmcjLg19N81ueZs8CjLinYzYNeeoKOg4/view?usp=sharing
https://drive.google.com/file/d/1pZ8h5T-h5FgwYWocOWjn9F47ybZhvAf_/view?usp=sharing
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1.3 Apply Inverse Laplace

Transform

l
|




Inverse Laplace Transform

Inverse Laplace Transform can be defined as the
transformation of a Laplace transform that is rational
function of s, F(s) into time-domain expression that is
function of time, f(t). The inverse Laplace Transform can be

written as:

f®) = L7H{F(s)}

The inverse can generally be obtained by using standard
transforms. By using Laplace Transform Table before,
basic properties of the inverse can be used with the
standard transforms to obtain a wider range of
transforms. Often F(s) is the ratio of two polynomials and
cannot be readily identified with a standard transform.
However, the use of linearity theorem and shifting
theorem can often convert such an expression into simple
fraction terms which can then be identified with standard
transforms.

22



Laplace Transform

Inverse Laplace Transform - Using Laplace Transform Tahle

From Laplace Transform Table shown before,

£{a} = =

Then inverse Laplace Transform should be:

L1 {g} =a

f@® F(s)

transform
a

< imvese

a
S

23



Laplace Transform

Inverse Laplace Transform - Using Laplace Transform Tahle

Another example of the reverse process of the inverse
Laplace Transform is:

w

Lisin wt} = ————
t J s2 + w?

Then inverse Laplace Transform should be:

L1 {L} = sin wt
s2 + w?

f@® F(s)

transform @

sin wt
ez 7 + o

24



Laplace Transform

Determine the inverse Laplace Transform for F(s) = % by
using Table of Laplace Transform Table

Solution :
f() = L7HF(s)}

12 =28

W Since % is equal to a where a = 1 (this question)
Then, £~ {3} =1

[ -3

f® F(s)

vl e

25



Laplace Transform

11

Determine the inverse Laplace Transform for F(s) = by

using Table of Laplace Transform Table

s244

Solution :
f() = L7HF(s)}

s = e ]

s2+4 52422

)
Since sin wt is equal to ———— where w = 2
52+ w?

Then,11L-1[ 1 ]=111;—1 [L 1]

52422 s2+22 2
L‘l[ 11 ]—111:‘1[ 2 ]_11 e
sZ+4|” 2 sz2y2z| ~ 2 "
f(® F(s)
sin wt @
s2 + w?

26



Laplace Transform

Determine the inverse Laplace Transform for F(s) = 31—30 3

by using Table of Laplace Transform Table

25—6

Solution :

f@®© = L7HF(s)}
L_l [.:_30 a 253—6] - L_l {51_30} B L_l {253—6}

G E ek o B e e Bt Lo o)

n!
gn+1

wheren = 2 and

o2
Since = is equal to
N

1, 1
—is equal to—wherea =3
s—3 s—a

Then, 5£71 [52—3] =5,"1 [5224'_1] = 5t? and

f@® F(s)

n!
£ | transform
Sn+1
eat inverse 1
S—a

27



Laplace Transform

s+3
(s—2)%2+16

Determine the inverse Laplace Transform for F(s) = by
using Table of Laplace Transform Table

Solution :

f@®© = L7HF(s)}

_1[ S ] -1 5=2 5 ]
(s-2)2+161 (s—2)2+42  (s—2)2+42
-1 — 5 ]
Vst 2 [( 2)2+42] ik [(5—2)2+42
For w = 4 and a = —2, with
at . s—a
e cos wt is equal to ot and
at . . w
e sin wt is equal to Goaria?
Then, L~ [(Z)W] = e?! cos 4t and
= o2 L E 2
[(5—2)2+42] =5L (s—2)2+42 4] =3¢ S 4t

L1 (S:)%] et cos 4t + 2 e tsin 4t ,

f@® F(s)
e % sin wt @
(s +a)? + w?

| transform

vV
ut < inverse | s+a
e cos wt

(s +a)? + w?

28



Laplace Transform

Click on them for
more examples

29


https://youtu.be/CmDkdH6vfWU
https://youtu.be/CmDkdH6vfWU
https://youtu.be/wcN8bx3Nz5w
https://youtu.be/wcN8bx3Nz5w

Determine the inverse Laplace Transform for F(s) by using Table of
Laplace Transform Table. (Click ‘answer’ to check your answer)

a. 13 answer
2s

b. 4 answer
s+3

C. 3 _2 answer
2s5 3

d. 13 answer
(s—-3)?

e. 2s*+4 answer

56

f. 10 answer
s2—-16

g e answer
(s+2)2+16

h. 8s answer
352—4

i. 1 answer
s2—-5s+6

. J8shol answer
16s2-9

k. ;5 answer
(s—3)

l. 8 3s 1 answer

+ _
s2+64  s2+64 (s—2)2

30


https://drive.google.com/file/d/1uZhz1v5owESclVLIMIZ0MdweqwZycYEJ/view?usp=sharing
https://drive.google.com/file/d/1Ba7k0WvuHWZUTZL-R9YOY1SkzCmbgktq/view?usp=sharing
https://drive.google.com/file/d/1NvrHomtydNA4gx2BJEBJKiJpgorM1dNG/view?usp=sharing
https://drive.google.com/file/d/1O2kG1R42NlIa-MrpboMP5E45KigYkGTX/view?usp=sharing
https://drive.google.com/file/d/12tnq7cSRPmm4qnzbQ9llzln0auLlFgUM/view?usp=sharing
https://drive.google.com/file/d/1Wx5Z_AANzsE6gTiBDeqKTZpdEm6WTWax/view?usp=sharing
https://drive.google.com/file/d/1SI3UaEPaTxWE3z9MbnMxEl2wrCZRQO_9/view?usp=sharing
https://drive.google.com/file/d/1UhgotJV8rOWJf3k53beahR5EC0j6CWRC/view?usp=sharing
https://drive.google.com/file/d/1f3tYBdgpSI2YL5cZktR6jt8cqKZvsONz/view?usp=sharing
https://drive.google.com/file/d/1aS7TdxdKhzv3YR1dsYNf5COmCfm-TG5a/view?usp=sharing
https://drive.google.com/file/d/18u9XH4xf3GeLSFnwu1fTEwk7t210kKyB/view?usp=sharing
https://drive.google.com/file/d/16V5hFyIgyV3eAlMhy0S2fy8yGnHmFfj4/view?usp=sharing

Inverse Laplace Transform - Using Partial Fraction

In other way, if we need to find the inverse transform of a
function that has the form:

N(s) aps"+a,_;s" t1+a,_,s"%+....+as+1
D(S) bypS™+ by_1S™ L+ byy_ps™ 2+, +bs + 1

F(s) =

The best solution is by using partial fraction. By using this
technique a complicated fraction was split up into forms that
are in the Laplace Transform table.

Previous Lessons:

o P How to construct partial fraction?

v' The degree of the numerator must be less
than the denominator. Otherwise we have
to long division.

v" Write denominator in prime factor. This will
be the patern of partial fraction.

What kind of partial fraction?
v’ Linear factor

v' Repeated Linear Factor

v Quadratic Factor

v' Repeated Quadratic Factor
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. . 5
Determine the inverse Laplace Transform for F(s) = xx;:x

Solution :
=1 x+5 }
f(t) =4 {x3—x
xX+5 xX+5 _A B

c .
Px - xa-D@) % + Py + 1 (linear factor)

x+5=Ax—1(x+1)+Bx(x+ 1)+ Cx(x — 1)

x =0, x =1, x = -1,
5=A-1)(1) 1+5=B(1)(1+1) -1+5=C(-1)(-1-1)
A=-5 B = C =2
x+5 _ 5 + 3 2
x(x—1)(x+1) T x o ox-1 x+1

=t R T B Mg e
F{Yes @ i @ cfE)eze

X+5

Then, £71 {22} = =5 4 3¢t + 2¢~¢ 7
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s2-2

Determine the inverse Laplace Transform for F(s) = G-2)er)?

Solution :
_ -1 s?-2
f(t) =4 {(5—2)(s+1)3}

s2-2
(s—2)(s+1)3

B G
s+1 | (s+1)2 = (s+1)3

A
)

(repeated linear factor)

s2—2=AG+13+B(—-2)(s+1D?+C(s—2)(s+ 1)+ D(s —2)

s2—2=(s34+3s2+3s+1)+B(s®—35s—2)+C(s?—s—1)+ D(s — 2)

s=2, s=-1, Compare coeficient of s3, Compare coeficient of s?,
2 1 2 7
A = — D = - B = — — C =
27 3 27 9
s%2-2 2 2 7 1

G-2)s+1)° _ 27(s-2)  27(s+1) | 9(s+1)2 ' 3(s+1)3

_1{ s2-2 } _ _1{ 2 __2 7 }
(s=2)(s+1)3 ) 27(s=2)  27(s+1)  9(s+1)2 = 3(s+1)3
2,1 1 )2 p-af 1 Tp-1(_1 1,1 1

- 27L {(5—2)} 27L {(s+1)} - 9L {(s+1)2} - 3 & {(s+1)3}

e e e L L (vl et L L o L

1 1 _1 n!
§L ' {(S + 1)3} 3 [(S _ (_a))n+1

and

£ ) = 3] =3t

—1f  s?-2 }_3 2t _ 2 ot 7, -t 1.2
L {(5—2)(s+1)3 =27€ 27 € +9te +3te
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32
Determine the inverse Laplace Transform for F(s) = :4_1

Solution :
. $3-2 hint: s* —1 = (s* + 1)(s* = 1) and
fO== {(sz+1)(s+1)(s—1)}
s2—1=(s+1)(s—1)
s3-2 __ As+B (o

ADGHDG-1) 241 " s+1 " (5-1) (quadratic factor)

s3—2=(Us+B)(s—D(+1)+C(s—1)(s?+1) + D(s?+1)(s + 1)
s3—2=As3—-As+Bs?—B+C(s3—s?+s—1)+D(s3+s2+s+1)

s=-1, s=1, Compare coeficient of s3, Compare coeficient of s>
’
c=2 Dp=-2 4a=: B=1
4 4 2
1 3 1
s3-2 _Stl 42 2l [25+4 3 1 ]
(s24+1)(s+1)(s—1)  s2+41  s+1 (s-1) 4ls2+41  s+1 (s-1)

L {Ssj:f} = iﬁ_l {iz:} + sil - (sil)}
) e [ e ) - ) e

Py Cauti) JEPYSS Y PP S G 4si
{SZ+1}_ {52+1}+ {52+1}_ cos Wt = 4sin wt

3,71 {i} =3e7! and L‘l{ L } _ ot G

s+1 (s-1)

L (sP-2) 1 , L /
L ] —Z[Zcosa)t+4smwt+36 —e']
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Laplace Transform

Determine the inverse Laplace Transform for F(s). (Click ‘answer’ to
check your answer)
a. s2+10

s(s+2)(s-1) —
b. 52

(s+1)(s%+1) SnSWEL
C. 3

4(s2-9) answer
d. s-3

252(s—1)2 answer
e. s+4

2 _3542 answer
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https://drive.google.com/file/d/1ujT4thWp6OzgvRnbvK7HB9dgYIPT9MiT/view?usp=sharing
https://drive.google.com/file/d/1NfBxMkzDOEXvLLlM1N4QbElNx60Xwnsg/view?usp=sharing
https://drive.google.com/file/d/1vPotPcreYjfqrkosvN7RB3toLQ8yHHra/view?usp=sharing
https://drive.google.com/file/d/1ZWyj2TQvP4u6gtQ0fhoog6RWmaPA0Osi/view?usp=sharing
https://drive.google.com/file/d/1koicIUKz1uxFsjwuOffl_DrOjlpMkZpj/view?usp=sharing

Inverse Laplace Transform - Laplace Transform of Derivatives

At previous section we have seen how to find the Laplace
Transform and its inverse. This techniques are now
applied to finding the solution to differential equations.
By applying the transform, the differential equations is
converted into an algebraic equation. This algebraic
equation is solved and then the inverse Laplace
Transform is applied to solve the differential equation.
The advantage of using the Laplace transform is that
initial conditions are automatically incorporated into the
solution.

Let f(t) be a function of f and let F(s) be the Laplace
Transform of f. The value of f and its derivatives when
t = 0 are denoted by f(0), f'(0), f"(0) and so on. The n

th derivative of f is denoted by f™(t). Then it can be
shown that the Laplace Transform of f ™ (t) is given by:

LD (@)} = s"F(s) — s™71f(0) — s 2O — . — =D (0)

*in this case we only discuss forn = 1 and n = 2
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Inverse Laplace Transform - Laplace Transform of Derivatives
From the previous lesson, we know that:
Lif(t)} = F(s)

First order derivatives:

L{f'(t)} = sF(s) — f(0) or refer to formula:

£ F(s)
2y s¥(s) = y(0)

Second order derivatives:

L{f' ()} = s?F(s) — sf(0) — f'(0) or refer to formula:

G F(s)
LERISNI R (OREYORIO
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Laplace Transform

Write the expression of Laplace Transform of f'(t) given that f(0) = 2

Solution :

By using formula: y'(t) = sY(s) — y(0) -\
- @}

Then, L{f'(t)} = sF(s) — f(0) where f(0) = 2

L' ()} = sF(s) — 2 /

Click on me for more
explanation on how to do
Laplace Transform of
derivatives
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https://youtu.be/Ek1soz1Te8U
https://youtu.be/Ek1soz1Te8U

Write the expression of Laplace Transform of 3f''(t) + 2f'(t) — 0.5f(t) given
that f(0) =2 and f'(0) = -1

Solution :
By using formula: L{f ()} = F(s),

L{f'(®)} = sF(s) — f(0) and

L{f" (1)} = s?F(s) — sf(0) — f'(0)
Then,

L{3f"(t)} = 3[s*F(s) — sf(0) — f'(0)] where f(0) = 2 and f'(0) = —1
= 3[s?F(s) —s(2) — (-1)]
= 3[s%F(s) — 2s + 1]
L{2f'(t)} = 2[sF (s) — f(0)] where f(0) = 2
= 2[sF(s) — 2]
L{0.5f(t)} = 0.5F(s)
Finally L{3f"(t) + 2f'(t) — 0.5f(t}
= 3[s2F(s) — 2s + 1] + 2[sF(s) — 2] — 0.5F (s)
= 352F(s) — 6s + 3 + 2sF(s) — 4 — 0.5F(s)
= 352 F(s) + 2sF(s) — 0.5F(s) —6s — 1 or

=[3s2+2s — 0.5]F(s) —6s — 1 ,
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Laplace Transform

The Laplace Transform of y(t)is Y(s),y(0) =2 and y'(0) = —1.
Obtain an expression for the Laplace transform of the following
functions.

(Click ‘answer’ to review the answer)

4
d. y answer

Y
2

b.  y'+

answer
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https://youtu.be/r1HuYbIMaGk
https://youtu.be/8I2i9NRxC9A

Solving Differential Equations

Solve y' —y = 3 with y(0) = 2

Solution :

By using formula: L{y(t)} = Y(s) and
LEy'(0)} = sY(s) — y(0)

Then,

sY(s) —y(0) — Y(s) = L{3}
34+2s=A(s+1)+Bs

Y(s)[s—1]—-2==
3 s=0, s=1
Y(s)[s—1]=;+2 A=—3 B—s
3+2s 1
Y(S) = Ee S—_l
Y(s) = 53(:_2; §+ S% (use partial fraction)

3+2s=A(s+1)+Bs

5
s—1

Y(s) ==+
D= I

e

s—1
~y(t) = =3 + 5¢t /
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Solving Differential Equations

Solve y"" +y' — 2y = O with y(0) = 2 and y'(0) = —1

Solution :
By using formula: L{y(t)} = Y(s) and

LEy'(0)} = sY(s) — y(0)

L{y" ()} = s?Y(s) — sy(0) — y'(0)
Then,

s2Y(s) = sy(0) —¥'(0) + sY(s) — y(0) — 2Y(s) = 0

s2Y(s) —s(2) = (=1) +sY(s) — (2) = 2Y(s) =0

Y(s)[s?+s5s—2]—25s—2+1=0
2s+1=A(s+2)+B(s—1)

Y(s)[s?2+s—2]=2s+1

—
1

s=1, S
2541 2s+1 A=1 B
Y(s) = s2+s5-2  (s—1)(s+2)

25+1 A

B . .
GoDGr2) — s-1 T 547 (use partial fraction)

1 1
Y(s) =3+
_ -1 1
y(t) — L {s—l + s+2}

cyt)=et +e % /
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Laplace Transform

The Laplace Transform of y(t) is Y(s),y(0) = 2 and y'(0) = —1.
Solve the following equations by using Laplace Transform.
(Click ‘answer’ to review the answer)

a. y’ + 2y = sin 3t answer

b. y'—-2y'+y=et answer

Solve the differential equation
y' + 3y = e %t given that y(0) = 0
(Click on me to see the way | do)

SOOI
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https://youtu.be/Olker8hv9Ik
https://youtu.be/5-u9Jnf0SnE
https://youtu.be/lxQle9TVEz0
https://youtu.be/lxQle9TVEz0

Laplace Transform

Self Test

Click on me when you are ready.

* Double your score by clicking ‘x2 score’
button

* Click ‘extra time’ button if you an need

extra time
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https://wordwall.net/resource/22681358
https://wordwall.net/resource/22681358

Laplace Transform
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